INTRODUCTION
The role of the fundamental Gaussian, Hermite-Gaussian, and Laguerre-Gaussian beam functions in the paraxial theory of optical-beam propagation is well established. In their conventional form the Hermite and Laguerre polynomials occurring in these functions have real arguments.' However, an alternative form of the Hermite-Gaussian beam functions in which the Hermite polynomial have complex arguments was introduced by Siegman.2 Subsequently, it was shown that the Siegman beam functions could be derived as paraxial limits of multipole complex-source point solutions of the reduced-wave equation, 3 thereby extending the result of Deschamps for the fundamental Gaussian beam. 4 Additionally, complex-argument Hermite-Gaussian and LaguerreGaussian beam functions were shown to arise in the higherorder connection terms of perturbation expansions of solutions of the reduced-wave equation whose leading term is the fundamental Gaussian beam function. 5 -7 In this paper we begin by considering a boundary-value problem for the reduced-wave equation given over a halfspace, with a Gaussian amplitude distribution prescribed on the boundary plane. A stretching of variables of boundary layer type is introduced to emphasize the paraxial region. Although the resulting perturbation expansion for the solution is effectively equivalent to that introduced by Lax et al. 8 ' 9 the simple boundary-layer analysis that we present more clearly emphasizes the paraxial validity of the results. The leading term in the expansion satisfies the paraxialwave equation, and the higher terms satisfy inhomogeneous versions of this equation. For the given problem the leading term is the fundamental Gaussian beam function. However, the complex-argument Hermite-Gaussian and Laguerre-Gaussian beam functions also satisfy the paraxial-wave equation, and we show that they can be simply expressed as derivatives of the fundamental Gaussian beam function, a result that has been explicitly noted previously for only Hermite-Gaussian beams. 3 An important consequence of this property is a representation of the complex-argument Hermite-Gaussian and Laguerre-Gaussian beam functions as paraxial limits of appropriate multipole complex-source point solutions of the reduced-wave equation. Van der Pol' 3 and Erdelyi' 4 expressed generalized spherical waves as derivatives of the fundamental solution of the reduced-wave equation and showed that in the limit of a vanishing wave number the classical results of Maxwell for Laplace's equation are reproduced.' 2 Our characterization of HermiteGaussian and Laguerre-Gaussian beams clearly exhibits how they occur as appropriate limits, as the wave number tends to infinity, of complex-source point solutions of the reduced-wave equation. Under these limit processes, the reduced-wave equation assumes the form of the paraxialwave equation. Furthermore, this property simplifies the process of determining further terms in the perturbation expansion of the solution of the given boundary-value problem as well as more general problems and accounts for the presence of complex-argument beam functions in the expansion. Earlier research 5 -7 concerned with the problem of finding correction terms in the perturbation expansion appears to be unduly complicated because the simple derivative relationship among the various beams that we exhibit was not noticed. Our results establish that complex-argument Hermite-Gaussian and Laguerre-Gaussian beam functions arise in a natural way in the theory of optical-beam propagation based on the reduced-wave equation and its paraxial approximations.
THE PARAXIAL PERTURBATION EXPANSION
We begin by considering the following boundary-value problem. A complex scalar field u(x, y, z) that satisfies the reduced-wave equation
is to be determined in the half-space z > 0, subject to the boundary condition
in the plane z = 0. The parameter a and the wave number k are real constants, and k >> 1. A time dependence of the form exp(-iwt) is assumed (with k = -1), and the field is required to be outgoing. Thus we set u = w exp(ikz) (3) in Eq. (1) and obtain V 2 w + 2ikw = 0 (4) with subscripts denoting partial derivatives. As a result, we are considering a wave traveling in the direction of the positive z axis, and the problem of Eqs. (1) and (2) is reduced to the determination of the complex-amplitude term w, which satisfies Eq. (4) subject to the boundary condition [Eq. (2)].
Since k is large, the Gaussian amplitude term [Eq. (2)] is concentrated near the z axis, and to emphasize our interest in this paraxial region, we introduce a stretching of the x and y variables in Eq. (4). We set
in order to magnify the neighborhood of the z-axis. [A standard argument of boundary-layer theory requires that a balance be attained between the initially larger term kw in Eq. (4) and the terms that become large as a result of the stretching transformation.' This accounts for the choice of the exponent 1/2 in the large parameter k in Eq. (5).] With
Eq. (4) takes form
while the boundary condition (2) for w becomes
To proceed, we introduce a boundary layer or perturbation expansion for v: (9) and insert it in Eqs. (7) and the boundary conditions
(12)
Allowing for differences in parameters, the expansion (9) and the resulting boundary-value problems [Eqs. (10)- (13)] are equivalent to the results obtained through the perturbation method of Lax et al. 
COMPLEX-ARGUMENT HERMITE-GAUSSIAN AND LAGUERRE-GAUSSIAN BEAMS
The solution of the paraxial-wave equation (10) with the boundary condition (12) is the fundamental Gaussian beam and is given asl
where a = 1/2i(z -ia) and p 2 = 42 + 2. As follows from Eqs. (11) , to determine the first correction term v(l) in the perturbation expansion, we require two z derivatives of the Gaussian beam V. Since the paraxial-wave equation (10) is a linear homogeneous partial differential equation with constant coefficients, any combination of I, -q, and z derivatives of any order of a solution of Eq. (10) is again a solution.
We now show that each of the complex-argument Hermite-Gaussian and Laguerre-Gaussian beam functions can be expressed as derivatives of the fundamental Gaussian beam [Eq. (14) ]. This property not only implies that each of these functions is a solution of the paraxial-wave equation but it also simplifies the process of determining the correction terms v(r) in the perturbation expansion (9) . Although some of these results are implicitly contained in earlier research 3 7 and complete perturbation expansions were determined by Takenaka et al., 7 the variables introduced by these workers in their discussion of the Siegman beam functions tend to obscure the simplicity and usefulness of the results obtained.
The Hermite polynomials Hn(x) to be used in our discussion are defined as
and we will need the following recursion relation for the
The Laguerre polynomials Lm(x) are defined as Ln'(x) = 1 x-'exp(x) dn xn+m exp(-x)]; n, m = 0,1, . . , (17) and we need the recursion relationsll On differentiating v(n, m) with respect to (, we have 
so that v(0, m) is an mth-order derivative of the fundamental Gaussian beam equation (14) and is a solution of the paraxial-wave equation (10) . On combining the results of Eqs. (25)- (28), we obtain
Consequently, v(n, m) can be expressed as
adfn an m dnn a m that is, it is an (n + m)th-order derivative of the fundamental Gaussian beam [Eq. (14) ], and it is itself a solution of the paraxial-wave equation (10) . The derivative of v£(n, m) with respect to z yields, on noting that du/dz = (-2i)U 2 and using Eq. (18),
As a result, we conclude that
aZn aZn (26) so that v (n, 0) is an nth-order derivative of the fundamental Gaussian beam [Eq. (14)] and also satisfies the paraxialwave equation (10) . Finally, we consider a complex linear combination of t and sn derivatives of v(n, m), which we express in an equivalent polar form and obtain and conclude that v(n, m) is an (n + m)th-order derivative of the fundamental Gaussian beam [Eq. (14)] and satisfies the paraxial-wave equation (10) .
Noting the representation equations (24) and (29) of v(n, m) and (n, m), a useful relationship between these beam functions can be established. On iterating the differential operators in z and in and 7 in the paraxial-wave equation (10) 
) (s)(-i)m+sH2r+s(x)H 2n+m-2r-s(y). (32)
r0= s+O A special case of this formula with m = 0 is cited by Erdelyi et al. 11 and is used by Takenaka et al. 7 In view of Eqs. (11) and (26) the first correction term v(l) in the perturbation expansion (9) satisfies Continuing this process, we find that v(2) must satisfy
The solution of Eq. (35) that vanishes at z = 0 has the form c( If the boundary condition (12) is replaced by
the leading term in the perturbation expansion (9) 
with easily determined constants e(l), f(l), and g(l). To obtain the higher terms v(r), we must use Eq. (30) at each step and then proceed as was done for the case of the LaguerreGaussian beams v(n, m). Again, this procedure is carried out by Takenaka et al., 7 and the general results will not be reproduced here.
COMPLEX-SOURCE POINT SOLUTIONS
The fundamental Gaussian beam function [Eq. (14) ] represents, apart from a normlization factor, a fundamental solution' 0 of the paraxial-wave equation (10) with a complexsource point at (x, y, z) = (0, 0, ia 14 to yield a representation of generalized spherical waves as derivatives of the fundamental solution of the reducedwave equation (1) . Erdelyi1 4 showed that in the limit as k -0, these generalized results reduced to those of Maxwell for Laplace's equation. Now in the limit as k -. Eq. (7) formally reduces to the paraxial-wave equation (10), and we refer to this limit as the paraxial limit. Deschamps 4 and Shin and Felsen3 showed that the paraxial limits of the complex-source point fundamental solution and multipole solutions of the reduced-wave equation yield the fundamental Gaussian beam and complex-argument Hermite-Gaussian beams, respectively. We now extend these results by demonstrating that the complex-argument Laguerre-Gaussian beams are also paraxial limits of multipole complex-source solutions of the reducedwave equation.
Apart from a multiplicative factor, the complex-source point fundamental solution of the reduced-wave equation ( In conclusion, we remark that biorthogonal sets of functions associated with the complex-argument HermiteGaussian and Laguerre-Gaussian beams were obtained by Siegman 2 and Takenaka et al., 7 respectively. The behavior of the solution of the boundary-value problem [Eqs. (1) and (2)] outside the paraxial region and extensions of this problem involving generalized Gaussian beams were considered elsewhere. 15 
1) is
u = (-ia)[(z -ia) 2 + p2/k]-1/2 explik[(z -ia) 2 + p2/k]1"21,(39)
